We present the flavor model with the S 3 modular invariance in the framework of SU(5) GUT. The S 3 modular forms of weights 2 and 4 give the quark and lepton mass matrices with a common complex parameter, the modulus τ . The GUT relation of down-type quarks and charged leptons is imposed by the VEV of adjoint 24-dimensional Higgs multiplet in addition to the VEVs of 5 and5 Higgs multiples of SU(5). The observed CKM and PMNS mixing parameters as well as the mass eigenvalues are reproduced properly. We predict the leptonic CP phase and the effective mass of the neutrinoless double beta decay versus the sum of neutrino masses.
Introduction
The standard model (SM) was well established by the discovery of the Higgs boson. The SM, however, does not answer a fundamental question about the origin of flavor structure. In order to understand the origin of the flavor structure, many works have addressed to the discrete groups for flavors. The S 3 group was used in early models of quark masses and mixing angles [1, 2] . This group was also studied to explain the large mixing angle [3] in the oscillation of atmospheric neutrinos [4] . After the discovery of the neutrino oscillations, the discrete symmetries of flavors have been developed to reproduce observed lepton mixing angles [5] [6] [7] [8] [9] [10] [11] [12] [13] .
Superstring theory with certain compactifications can lead to non-Abelian discrete flavor symmetries. (See, e.g., [14] [15] [16] [17] [18] [19] [20] .) On the other hand, torus and orbifold compactifications have the modular symmetry of the modulus parameter. Under the modular transformation, flavors of both quarks and leptons transform non-trivially [21] [22] [23] [24] [25] [26] . In this sense, the modular symmetry is a non-Abelian discrete flavor symmetry. However, Yukawa couplings as well as other couplings depend on the moduli parameters in four-dimensional low-energy effective field theory derived from superstring theory. Thus, each coupling transforms non-trivially under the modular symmetry. That is an important difference from the conventional flavor symmetries.
The modular group includes S 3 , A 4 , S 4 , and A 5 as its finite subgroups [27] . An attractive flavor model has been put forward based on the Γ 3 A 4 modular group [28] . This work stimulates model buildings based on Γ 2 S 3 [29] , Γ 4 S 4 [30] and Γ 5 A 5 [31] . Phenomenological discussions of the neutrino flavor mixing have been presented based on A 4 [32, 33] , S 4 [34] and A 5 [35] modular groups. In particular, the comprehensive analysis of the A 4 modular group has provided a distinct prediction of the neutrino mixing angles and the CP violating phase [33] . The applications of the modular symmetry begin to develop in quark and lepton flavors. The A 4 modular symmetry has been also applied to the SU(5) grand unified theory (GUT) of quarks and leptons [36] , while the residual symmetry of the A 4 modular symmetry has been investigated phenomenologically [37] . Furthermore, modular forms for ∆(96) and ∆(384) were constructed [38] , and the extension of the traditional flavor group is discussed with modular symmetries [39] . Moreover, multiple modular symmetries are proposed as the origin of flavor [40] . The modular invariance has been also studied combining with the generalized CP symmetries for theories of flavors [41] . The quark mass matrix has been discussed in the S 3 and A 4 molular symmetries as well [42, 43] . Besides mass matrices of the quarks and leptons, related topics such as the baryon number violation [42] , the dark matter [44] , radiatively induced neutrino masses [45] , and the modular symmetry anomaly [46] have been discussed.
Among them, the unification of quark and lepton flavors based on the modular symmetry is an important work in the standpoint of GUT [36, 47] since the modulus τ is common in both quarks and leptons. In this paper, we construct S 3 flavor model with modular invariance in the framework of SU(5) GUT and discuss the Dirac CP violating phases in both quark and lepton sectors as well as the neutrino masses and mixing, the effective neutrino mass of the neutrinoless double beta decay, and Majorana CP violating phases. We consider a sixdimensional compact space X 6 in addition to our four-dimensional spacetime in superstring theory. Suppose that the six-dimensional compact space has some constituent spaces and they include a two-dimensional compact space X 2 . Note that X 2 can have geometrical symmetry such as the modular symmetry. The quark mixing and lepton mixing are explained by a single flavor symmetry originated from X 2 . The modular forms for quark and lepton sectors are the same and determined by a common value of τ in our setup. The other four-dimensional part of X 6 may contribute to an overall factor of Yukawa couplings, but not to their ratios.
We assume the S 3 modular symmetry for flavors of quarks and leptons since it is the minimal non-Abelian discrete symmetry. Furthermore, we assume SU(5) GUT as a first step to build a realistic flavor model with the modular invariance for both quarks and leptons. It is emphasized that the vacuum expectation value (VEV) of 24-dimensional adjoint Higgs multiplet H 24 makes a difference between mass eigenvalues of down-type quarks and charged leptons. Our mass matrices reproduce the observed Cabibbo-Kobayashi-Maskawa (CKM) and Pontecorvo-Maki-Nakagawa-Sakata (PMNS) parameters successfully. We predict the leptonic CP violation phase and the effective mass of the neutrinoless double beta decay versus the sum of neutrino masses respectively. This paper is composed as follows. In section 2, we present our SU(5) GUT model with the finite modular symmetry Γ 2 S 3 . In section 3, we present numerical analyses of our model. Section 4 is devoted to a summary. Appendix A shows the modular forms of S 3 briefly and appendix B presents relevant parameters in the lepton flavor mixing.
Quark and lepton mass matrices in SU(5) GUT
Let us present our framework in supersymmetric SU(5) GUT. Matter fields can be accommodated in theF = 5 and T = 10 representations according to
where subscripts 1, 2, 3 denote the quark colors, c denote CP-conjugated fermions, and the flavor indices are omitted. We present the charge assignments of superfields for SU(5) gauge group, S 3 flavor symmetry and modular weights in Table 1 where the subscript i of F i and T i denotes the i-th family. An adjoint representation of scalars H 24 breaks the SU(5) gauge symmetry and leads to the mass differences among quarks and charged leptons. The electroweak breaking of the SM is realized by a 5(5) of Higgs, H 5 (H5) which also contribute to the fermion mass matrices. These Higgs multiplets are listed in Table 1 . It also presents the modular forms of weights 2 and 4 we use. For Yukawa interactions, the S 3 modular invariant superpotential is written as
where three terms of r.h.s. lead to the mass terms of up-type quarks, Majorana neutrinos, and down-type quarks and charged leptons, respectively. The up-type quark mass matrix is derived from w 10 , which is explicitly given as:
where α 1,2 , β 1,2 , k 1,2,3,4 and γ are dimensionless complex constants. The cut-off Λ denotes the SU(5) energy scale. By using the S 3 tensor product of doublets in Appendix A, the mass matrix of up-type quarks is given in terms of modular forms Y 1 (τ ) and Y 2 (τ ) of Appendix A as
where the argument τ of modular forms are omitted, and parameters are redefined as follows:
and v u is the VEV for the doublet component of H 5 . This mass matrix was investigated in our previous work [42] . Suppose the neutrinos to be Majorana particles. Then, the neutrino mass matrix is derived from the superpotential w5 of Eq. (2), which is written explicitly in terms of the Weinberg operator: where all factors along with H 24 /Λ are included in a 1 , a 2 , b and c analogous to w 10 of Eq.(3). The neutrino mass matrix is therefore given as follows:
where we have redefined the (1,1) element of M ν as
The superpotentials for the down-type quarks and charged leptons are written as
where α 1,2 , β 1,2 , k 1,2,3,4 and γ are dimensionless complex constants. We can construct a mass matrix for the down-type quarks and charged leptons:
where we have introduced a new parameter α 0 defined as
and v d for the VEV of the doublet component of H5. We can obtain a successful mass matrix of the down-type quarks:
where we have redefined some parameters likewise with Eq. (5). These quark mass matrices in Eqs. (4) and (12) can reproduce the observed CKM mixing matrix elements and quark mass ratios at the GUT scale [48, 49] . Indeed, we have obtained the successful up-type and down-type quark mass matrices with the hierarchical flavor structure, which are completely consistent with observed masses and CKM parameters [42] . We obtained enough parameter sets including the value of modulus τ which reproduce quark masses and CKM mixing. We show a typical sample of our parameter sets: 
in c u 33 = c d 33 = 1 GeV units. Let us discuss the charged lepton mass matrix which is possibly related to the down-type quark mass matrix by using the SU(5) GUT relation. We rewrite coefficients in down-type quark mass matrix elements in terms of sum of contributions from VEVs of H5 and H 24 as follows: 24 13 , c d 31 = c 5 31 + c 24 31 , c d 33 = c 5 33 + c 24 33 , (14) where we have following relations for parameters of Eq. (10),
Let us give the Clebsch-Gordan (CG) factor C which is derived by the ratio of VEVs for the charged lepton sector and down-type quark sector:
since H 24 takes the VEV as H 24 ∝ diag[2, 2, 2, −3, −3]. The charged lepton mass matrix is therefore obtained in terms of the elements of down-type quark mass matrix and the coefficient C by transposing the down-type quark mass matrix: 
We analyze these mass matrices of the quarks and leptons by taking account of observed masses and flavor mixing in the following section.
Numerical result
We have obtained parameter regions that reproduce the observed fermion mass ratios and both CKM and PMNS mixing parameters. Our results are consistent with the experimental result of quark mass ratios and charged lepton mass ratios at the GUT scale within the 1σ range [48, 49] 1 . In the following subsections, we present predictions in the neutrino sector and discuss the correlation between CKM and PMNS mixing parameters.
Since we have separated parameters of the down-type quarks such as ε, c , c 13 , c 31 and c 33 into two terms as defined in Eq.(14), we can scan parameters in the charged lepton mass matrix of Eq.(17) by using the successful parameter sets of the down-type quark sector, in which a typical sample is presented in Eq. (13) . The parameters of the neutrino mass matrix of Eq. (7) have been scanned in the region of 0 < |a 0 | < 2, 0 < |a 2 | < 25 and 0 < |b| < 15 in c = 1 unit while phases have been scanned in [−π, π]. We present a sample point satisfying the fermion mass ratio and CKM mixing parameters at the GUT scale as well as the recent neutrino oscillation experimental data [50] 2 .
Neutrino phenomenology
Our lepton mass matrices of Eqs. (7) and (17) reproduce the experimental result of neutrino mass squared differences and the three mixing angles within 3σ range [50] . The following results are constrained by the cosmological bound of the sum of three light neutrino masses Σm i < 0.12 eV [53, 54] .
We 
On the other hand, we have obtained the three lepton mixing angles θ 12 , θ 23 (20) 2 We have neglected the renormalization corrections for the neutrino masses and mixing parameters although the numerical analysis should be presented at GUT scale. A numerical estimation of the quantum corrections in [51] showed that the corrections are negligible as far as the neutrino mass scale is smaller than 200 meV and tan β ≤ 10. See also [32, 52] .
Next we discuss correlations among these observables. The prediction of the sum of neutrino masses Σm i and δ CP is shown in Fig. 1 . It is remarked that the Dirac CP violating phase is predicted around ±90 • near the cosmological upper bound of the sum of neutrino masses. The future development of neutrino oscillation experiments or cosmological analysis for the neutrino mass therefore is expected to test our model. We also show a prediction of m ee in the neutrinoless double beta decay in Fig. 2 . The predicted region of the effective mass is about 10 −3 < m ee < 3 × 10 −2 [eV]. If the neutrinos are Majorana particle, the experiments for the neutrinoless double beta decay may test this model in the future. The predicted lower bound of the lightest neutrino mass is 3.8 meV. Finally, it should be noted that some allowed points which satisfy the NuFIT data of 3σ range for the inverted hierarchy (IH) of neutrino masses. However, the prediction of the sum of neutrino masses is almost equal to or larger than the cosmological bound: Σm i < 0.12 [eV] . Therefore, we do not discuss the IH case of neutrino masses.
Common modulus τ in quarks and leptons
The modulus τ is a key parameter to unify quark and lepton flavors. We show allowed region of the modulus τ in Fig. 3 which leads to successful quark masses and CKM mixing parameters at the GUT scale within the 1σ range. Both real and imaginary parts of τ are rather broad as Re[τ ] = 0.2-0.9 and Im[τ ] = 1.1-1.5.
The quark and lepton mass matrices should have the common modulus τ . Inputting these values of τ as well as other parameters of the quark sector, we have obtained the allowed region of τ which satisfies the observed 1σ range of the charged lepton mass ratios at the GUT scale and 3σ range of the PMNS parameters shown by red-colored points in Fig. 4 . As seen in Fig. 4 , the allowed region of τ in leptons is clearly reduced compared with the one in quarks. It is also noted that there is no clear correlations between CKM and PMNS mixing parameters because of the large number of free parameters embedded in our model. 
Summary and discussions
We have presented a flavor model with the S 3 modular invariance in the framework of SU (5) GUT and discussed the CKM and PMNS mixing parameters of both quark and lepton sectors, respectively. We have considered six-dimensional compact space X 6 in addition to our four-dimensional space-time and supposed that the six-dimensional compact space has some constituent parts and they include a two-dimensional compact space X 2 . Then, the quarks and leptons have the same modular symmetry S 3 and the same value of τ in our setup. We note that our model does not require any gauge singlet scalars such as flavons. The difference between mass eigenvalues of down-type quarks and charged leptons is realized by the 24-dimensional adjoint Higgs multiplet H 24 .
We have analyzed our model numerically and found parameter regions which are consistent with both the observed CKM and PMNS mixing parameters. It is remarked that the Dirac CP violating phase is predicted around ±90 • for Σm i near the cosmological upper bound 120meV. It is expected to test our model by the astronomical observation for the neutrino mass constraint as well as the precise observation for the Dirac CP violating phase. We have also predicted the effective mass in the neutrinoless double beta decay m ee . The development of the experiments for the neutrinoless double beta decay is also expected to test our model.
Since our model has a large number of free parameters, clear correlations between CKM and PMNS mixing parameters are not found. However, the common value of modulus τ is clearly obtained by imposing the experimental data of CKM and PMNS mixing parameters as well as quark and lepton masses. If we can build a flavor model with a small number of free parameters in a specific GUT framework, it is expected to find correlations between the CKM and PMNS matrices. 
where q = e 2πiτ . By use of η(τ ), the modular forms of weight 2 corresponding to the S 3 doublet are written by [29] ,
η (τ /2) η(τ /2) − η ((τ + 1)/2) η((τ + 1)/2) , where we use the following basis of S 3 generators S and T in the doublet representation:
The doublet modular forms have the following q-expansions: 
Since we work in the basis of Eq.(22), the tensor product of two doublets is expanded by
x 1 x 2 2 ⊗ y 1 y 2 2 = (x 1 y 1 + x 2 y 2 ) 1 ⊕ (x 1 y 2 − x 2 y 1 ) 1 ⊕ x 1 y 1 − x 2 y 2 −x 1 y 2 − x 2 y 1 2 .
By using the tensor product of the two doublets (Y 1 (τ ), Y 2 (τ )) T , we can construct modular forms of weight 4, Y (4) :
2 : Y
The S 3 singlet 1 modular form of the weight 4 vanishes.
B Lepton mixing matrix
Supposing neutrinos to be Majorana particles, the PMNS matrix is parametrized in terms of the three mixing angles θ ij (i, j = 1, 2, 3; i < j), one CP violating Dirac phase δ CP and two Majorana phases α 21 , α 31 as follows [55] : 
where c ij and s ij denote cos θ ij and sin θ ij , respectively. In terms of these parametrization and three neutrino masses, the effective mass in the neutrinoless double beta decay is given as follows:
m ee = m 1 c 2 12 c 2 13 + m 2 s 2 12 c 2 13 e iα 21 + m 3 s 2 13 e i(α 31 −2δ CP ) .
